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Abstract— Bit-interleaved coded modulation (BICM) has found
its application in various wireless communication systems due
to its simplicity in the design of coding and modulation. In
particular, the BICM combined with convolutional coding has
been adopted by several recent standards due to its low com-
plexity and low latency at the decoder side. The performance
of the convolutionally coded BICM depends not only on the
constraint length of the code but also significantly on the structure
of the bit interleavers introduced mainly for the purpose of
dispersing the correlated bits. To date, however, theoretical
analysis of the performance that well captures its dependence on
the interleaver structures has not been presented in conjunction
with the convolutionally coded BICM due to its complexity in
precise analysis. In this paper, we derive a tight approximate BER
expression over AWGN channels to evaluate its performance for
a given bit interleaver structure, and present a design guideline
for an optimal interleaver structure with its performance over
fading channels in mind.

I. INTRODUCTION

Bit-interleaved coded modulation (BICM) [1], [2] has
gained its popularity in wireless communications due to its
simplicity in designing channel coding with high-order con-
stellation modulation over fading channels. In fact, BICM is
known to outperform the well-studied trellis coded modulation
(TCM) [3] in terms of cut-off rate and bit error rate (BER),
and has been employed for several recent wireless standards
such as a wireless LAN (e.g., IEEE 802.11ac).

In general, the performance of the BICM with convolutional
codes considerably depends on the structure of the bit inter-
leavers, and those suitable for BICM system are investigated
in [4], [5]. In the case of an additive white Gaussian noise
(AWGN) channel, it has been revealed that the BICM even
without any interleaver outperforms those with bit interleaving
[6], and some theoretical insights have been obtained for this
case [7]. However, the theoretical analysis that elucidates the
difference in the interleaver structures in terms of its BER
has not been well addressed over fading channels, especially in
orthogonal frequency-division multiplexing (OFDM) scenario.

Therefore, our goal is to derive a BER expression that can
be used for evaluating the performance difference provided by
particular interleaver structures and to present a design guide-
line for an optimal interleaver in the framework of BICM-
OFDM system over a frequency-selective fading channel, and
this paper provides its first step toward this goal; we will
address deriving a BER expression for specific interleavers
and present design guideline for an optimal interleaver over
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Fig. 1. Block diagram and notations of the BICM system.

an AWGN channel. Finally, we will demonstrate through
computer simulations that our design guideline can be also
valid for frequency-selective fading channels.

II. SYSTEM MODEL

The BICM system model and the notations used throughout
this paper are shown in Fig. 1. At the transmitter, a binary
information sequence of length N/nc, denoted by u =
[u1, · · · , uN/nc

], is fed to the binary convolutional encoder
(ENC) of rate rc = 1/nc and constraint length Kc with
optimum distance spectrum, and the resulting codeword of
length N is given by c = [c1, · · · , cN ]. It is then permuted by a
bit interleaver Π and the interleaved sequence is denoted by c′.
The modulator (MOD) maps the interleaved sequence c′ onto
pulse-amplitude modulation (PAM) symbols with constellation
size of M labeled by Gray labeling. We denote the set of M -
PAM symbols by X and m = log2 M as the number of bits
constituting one PAM symbol. Thus, the transmitted symbol
sequence can be expressed as x = [x1, · · · , xK ] ∈ XK , and
K = N/m is the number of symbols per codeword. Note that
we consider the low-latency scenario, where one codeword is
mapped onto exactly K consecutive PAM symbols (that may
be further placed on one OFDM symbol in the case of the
BICM-OFDM system).

Let Nc = {1, 2, · · · , N}, Nb = {1, 2, · · · ,m}, and Ns =
{1, 2, · · · ,K} denote the sets of the indices for the coded
bits, the possible bit positions of M -PAM, and the transmitted
symbols, respectively. The bit interleaver can be considered as
a one-to-one reordering mapping:

M : n → (k, i), (1)



where n ∈ Nc denotes the original ordering of the coded bit
cn, which is mapped onto the ith bit of the kth PAM symbol
xk. Here, k ∈ Ns is the time ordering of the allocated PAM
symbol and i ∈ Nb is its bit position in the PAM symbol.
The specific deterministic and random interleavers used in this
work are described in Section IV.

The channel is assumed to be an AWGN channel without
fading for our theoretical analysis. The kth received symbol
can be thus expressed as yk = xk + nk, where nk is a
zero-mean, complex AWGN term with variance N0/2 per
dimension.

At the receiver side, we calculate the bit metrics λ′ of the
entire coded and interleaved bit sequence. A set of bit metrics
is then permuted by the bit deinterleaver Π−1 to obtain that
in the original order, denoted by λ. Then, the bit metric of the
nth coded bit cn can be given by

λb
n = max

z∈X i
b

log f(yk|z), for n = M−1(k, i), (2)

where M−1 is an inverse mapping of M in (1), X i
b is the

subset of all the PAM constellation points with its ith bit
position specified by the value b ∈ {0, 1}, and f(yk|z) is
the conditional probability distribution function (PDF) of the
complex Gaussian random variable:

f(yk|z) =
1

πN0
exp

(
−|yk − z|2

N0

)
. (3)

The Viterbi decoder determines the maximum likelihood path
(i.e.,the most likely coded sequence) ĉ according to the fol-
lowing rule:

ĉ = arg max
c∈C

{
N∑

n=1

λcn
n

}
(4)

where c is the candidate codeword and C is the set of the entire
codewords.

III. BER PERFORMANCE ANALYSIS

A. Union Bound Analysis

The union bound technique serves as a general upper bound
for evaluating BER performance, which for convolutional
codes is given by [8]

Pb ≤
1
kc

∞∑
dH=df

W (dH)P (dH) (5)

where df is the minimum free distance of the convolutional
codes, W (dH) denotes the total input weight of error events
at Hamming distance dH , and P (dH) denotes the codeword
pairwise error probability (PEP) at Hamming distance dH .
Moreover, kc is the number of information bits per trellis
segment, and it is equal to one throughout this work since
we assume the use of the rate-1/nc convolutional codes for
simplicity. Extension of our analysis to other coding rate cases
is straightforward.

The union bound generally provides a tight upper bound
in high SNR region, but its exact calculation requires high

computational complexity. Since the contributions of the error
events decay exponentially with their Hamming distances, one
approximate approach is to evaluate only the error event with
the minimum free distance df (i.e., the shortest error event).
This will then serve as a lower bound, given by

Pb ≥
1
kc

W (df )P (df ). (6)

As SNR increases, the bound (6) becomes tight since the
error event with df is dominant in all the error events.
For conventional binary convolutional codes, W (df ) can be
readily obtained from the weight enumerator of codes. Thus,
we focus on calculating the codeword PEP P (df ) in this paper.

Upon calculating P (df ) for a general binary linear code
over memoryless channels, one can usually assume that the
all-zero codeword is transmitted, but this is not the case
for coded modulations. Therefore, in [2], a symmetrization
of channels based on random labeling is introduced such
that the label µ and its complementary label µ̄ are chosen
with equal probability for each coded bit. Another solution
to this problem without symmetrization is to compute the
distribution of the squared Euclidean distances for all possible
symbol pairs [9]. Even if the all-zero codeword is transmitted,
computation of the distribution of the squared Euclidean
distances between the reference symbols (that represent the
all-zero codeword) and all other possible symbols is necessary.
The random labeling technique based on a stochastic model is
suitable for the analysis of the random interleaver. However,
since our main objective in this work is to elucidate how
the BER is affected by the structure of specific interleavers,
computing the distribution of the squared Euclidean distance
without resorting to random labeling is employed in this paper.

B. Expression for Codeword PEP

Let us consider the specific codeword PEP P (c → ĉ) that
the transmitted codeword c = [c1, · · · , cN ] is decoded at the
receiver in favor of another codeword ĉ = [ĉ1, · · · , ĉN ], where
c and ĉ differ by the minimum free distance df .

Let N (c, ĉ) denote the set of the indices n of the coded bits
where cn 6= ĉn. By assumption, it follows that |N (c, ĉ)| = df ,
where |S| denotes the cardinality of the set S. Furthermore,
let [n1, n2, · · · , ndf

] denote the vector of the elements n ∈
N (c, ĉ) that are sorted in an increasing order, i.e., n1 <
n2 < · · · < ndf

. Let iw and kw denote the corresponding
outputs of the mapping function (1) with its input given by
nw, where w ∈ {1, 2, · · · , df}. We further define X =
[xk1 , xk2 , · · · , xkdf

] ∈ X df and S = [i1, i2, · · · , idf
] ∈

N df

b , where the former represents the PAM symbol vector
associated with the bit error position vector in the codeword,
i.e., [n1, n2, · · · , ndf

] ∈ N df
c , and the latter the corresponding

bit position vector. Note that the vector S depends on the
particular code structure of the convolutional code and the
interleaver structure. Therefore, in what follows, we assume
that S is a random vector. The purpose of the interleaver opti-
mization is thus to control the distribution of S such that the bit
error rate is minimized. The vector S can be characterized as



a deterministic variable once the complete interleaving pattern
is specified. Nevertheless, since each element xkw of the PAM
symbol vector X depends not only on the corresponding coded
bit cnw but also on the other coded bits that constitute the
symbol, the vector X will be characterized as a random vector
that depends on the specific pattern of S.

Given the above expressions, the difference of metric be-
tween c and ĉ can be expressed as

δ =
∑

n∈N (c,ĉ)

{
λcn

nw
− λĉn

nw

}
=

df∑
w=1

{
max

x∈X iw
cn

log f(ykw |x) − max
x∈X iw

c̄n

log f(ykw |x)

}
, (7)

where ā represents the binary complement of a. Since we
assume that the binary convolutional codes are employed, ĉn

equals c̄n and thus X i
ĉn

equals X i
c̄n

.
Given S and X , the conditional PEP is given by

P (c → ĉ|X,S) = P (δ ≤ 0|X,S)

= P

 df∑
w=1

{
|ykw − x̃kw |2 − |ykw − x̂kw |2

}
≥ 0

∣∣ X,S


(8)

where

x̃kw = arg min
x∈X iw

ckw

|ykw − x|2 (9)

x̂kw
= arg min

x∈X iw
c̄kw

|ykw
− x|2. (10)

From (9) and (10), x̃kw and x̂kw can be considered as
random variables that not only depend on the bit position iw,
but also on the received signal ykw (i.e., the transmitted symbol
xkw and noise realization nkw ). The former symbol x̃kw

represents the estimate symbol with the correct bit, whereas
the latter symbol x̂kw represents that with the erroneous bit.

It should be emphasized that, at this point, the estimate
symbol x̃kw with the correct bit does not necessarily agree
with that of the transmitted symbol xkw . However, it is easy
to observe that in high SNR region, the received symbol
ykw is likely to fall within the range over which x̃kw and
x̂kw are determined uniquely due to the negligible amount of
noise term nkw . In this case, x̃kw and x̂kw can be specified
by xkw and iw, where x̃kw = xkw and x̂kw is its nearest
neighbor with the corresponding bit in the bit position iw
given by its complement which we denote by x′

kw
(iw) in what

follows. Consequently, in the case of high SNR where the
approximation x̃kw ≈ xkw is valid, (8) can be expressed as

P (c → ĉ|X,S) ≈ Q

√∑df

w=1 |xkw − x′
kw

(iw)|2

2N0

 , (11)

where the Q-function is defined as

Q(x) =
1√
2π

∫ ∞

x

exp
(
−u2

2

)
du. (12)
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Fig. 2. The constellation of 4-PAM with Gray labeling. The underlined bits
represent the first position in a symbol (i.e., i = 1).

C. Derivation of PEP and Interleaver Design Guideline

The above argument elucidates the fact that the precise
performance evaluation requires taking all the symbols in the
constellation into account as a possible transmitted symbol
xkw regardless of the coded bit value cnw . Therefore, the
conditional PEP P (df |S) can be obtained by taking expec-
tation with respect to all symbols in the constellation for the
erroneous symbol vector X for a given bit position vector S,
and the result is expressed as

P (df |S) ≈ EX {P (c → ĉ|X,S)}

= E

Q

√∑df

w=1 ∆w(iw)
2N0

 (13)

where the expectation is taken over the random variables

∆w (i) = |xkw − x′
kw

(i)|2, (14)

the distribution of which depends on the vector S.
Note that ∆w (i) in (14) represents the squared Euclidean

distance between the transmitted symbol xkw and its nearest
neighbor symbol with the flipped bit from xkw at the bit
position i. Once xkw is determined from cnw and i, the
corresponding complement x′

kw
(i) associated with c̄nw and i is

uniquely determined. Consequently, the distribution of ∆w(i)
is dependent only on the bit position i.

For example, in the case of 4-PAM constellation illustrated
in Fig. 2, the probability distribution of ∆w(i) conditioned
on the bit position i is expressed by enumerating the squared
Euclidean distance for all pairs of xkw and x′

kw
(i) as

P∆(l|i = 1) = Pr
(
∆ = ld2

min|i = 1
)

=
1
2
δl,1 +

1
2
δl,4 (15)

P∆(l|i = 2) = Pr
(
∆ = ld2

min|i = 2
)

= δl,1, (16)

where δa,b is the Kronecker delta function and dmin represents
the minimum Euclidean distance of the constellation. In the
above expression, we implicitly assume that once the bit
position i is specified, the distribution of ∆w(i) does not
depend on the particular value of the index w.

Here, we define ∆sum =
∑df

w=1 ∆w(iw) for a given S.
Under the assumption that the ∆w(i) are statistically indepen-
dent, the probability distribution of ∆sum conditioned on S is



expressed as

P∆sum(l|S) = Pr
(
∆sum = ld2

min|S
)

= P∆(l|i1) ∗ · · · ∗ P∆(l|idf
)

=
Γ∑

j=1

Pj(S)δl,Aj (17)

where ∗ denotes a convolution operation, Γ denotes the
number of possible distinct values of ∆sum, Aj denotes its jth
value, and Pj(S) is the corresponding conditional probability,
i.e.,

Pj(S) = Pr
(
∆sum = Ajd

2
min|S

)
. (18)

Once the set of Pj(S) can be found through the above process,
the conditional PEP of (13) can be rewritten as

P (df |S) ≈
Γ∑

j=1

Pj(S)Q

√
Ajd2

min

2N0


≥ Pmin(S)Q

√
Amind2

min

2N0

 (19)

where

Amin = min
1≤j≤Γ

Aj (20)

and Pmin(S) is the probability of (18) associated with Amin.
The lower bound of (19) becomes tight when the SNR is high
since a value of Q function exponentially decays as the squared
Euclidean distance increases and the minimum value among
Ajd

2
min becomes dominant in the BER expression.

Finally, we can obtain the approximate BER by taking
expectation over S and substituting (19) into (6), which is
represented as

Pb & 1
kc

W (df )PminQ

√
Amind2

min

2N0

 , (21)

where Pmin = ES {Pmin(S)}. Note again that the distribution
of S depends on the interleaver structures, and our main
purpose in this paper is to evaluate the performance difference
provided by a specific interleaver structure. Therefore, it is
important to derive the distribution of S for such a case.

To improve the BER performance, the interleaver should be
designed such that Amin increases and thus Pmin decreases.
However, the value of Amin cannot be made smaller than df

regardless of the interleaver structures since the conditional
distribution P∆(l|i) for any bit position i with Gray labeled
constellation has the term δl,1 (i.e., ∆w(i) takes the value of
d2
min for any bit position i). Therefore, we can conclude that

achieving the distribution of S such that Pmin is minimized is
the guideline to the development of the optimal interleaver.

IV. SPECIFIC INTERLEAVERS AND THEIR PROPERTIES

In this section, we will describe the three clases of bit in-
terleavers reffered to as random, regular block, and optimized
block interleavers, in the framework of the BICM system.
Moreover, we will derive the distribution of S to calculate the
approximate lower bound developed in the previous section.

Let (Nr, Nc) denote the block structure for the regular and
optimized block interleavers described below, where Nr and
Nc represent the numbers of rows and columns, respectively.
We refer to the interleavers with this block structure as Nr×Nc

interleavers.

A. Random Interleaver

For the random interleaver, the bit position iw can be
assumed as a random variable where the value is chosen
from all bit position indices with equal probability. Thus, S
has the distribution such that its realization is chosen from
the set {[1, · · · , 1, 1], [1, · · · , 1, 2], · · · , [m, · · · ,m, m]} with
equal probability, where each vector has df elements.

The distribution of ∆sum can be expressed as

P∆sum(l) =

{
1
m

m∑
i=1

P∆(l|i)

}∗df

(22)

where {·}∗n represents an n-fold self-convolution.

B. Regular Block Interleaver

The regular block interleaver stores coded bits in the row
direction and reads in the column direction to permute bits at
the transmitter side. Due to its block structure, it can provide
a certain diversity effect since consecutive bits in the original
order are separated exactly by Nr bits and mapped onto the
distinct and well separated symbols. However, this interleaver
may include the cases where the unreliable bits are arranged
as consecutive outputs. For example, this is caused when the
number of rows Nr equals a multiple of m [11], with m
representing the number of bits consisting one PAM symbol.
In this case, the bit position order of the deinterleaved coded
bits corresponding to the entire codeword is represented as

s = [

mNcbits︷ ︸︸ ︷
1, · · · , 1︸ ︷︷ ︸

Ncbits

, 2, · · · , 2︸ ︷︷ ︸
Ncbits

, · · · ,m, · · · ,m︸ ︷︷ ︸
Ncbits

, 1, · · · , 1︸ ︷︷ ︸
Ncbits

, · · · ] (23)

where each of mNc bit position indices is formed by Nc

consecutive bits of the same bit position index, and they are
periodically repeated by Nr/m times. (Note that the total
number of bits in s is mNc × Nr/m = NcNr = N ). Note
that S is a portion of s which corresponds to erroneous bits,
and realizations of S thus depend on where the initial bit error
(i.e., divergent path) begins, or the starting point. Therefore,
the distribution of S can be calculated by enumerating for all
the starting points with s. With s of (23), it may achieve the
maximum value of Pmin(S). Therefore, it can be concluded
that the regular block interleaver can provide a certain diversity
effect but there may exist some cases where the resulting
average probability Pmin has a relatively large value.



Fig. 3. An example of the bit position order in the 72 × 43 regular block
interleaver with 4-PAM. The numbers in the matrix denote the bit position
indices in each 4-PAM symbol.

C. Optimized Block Interleaver

Optimal interleavers should achieve minimum Pmin as well
as gain the diversity effect over multipath channels. We have
described that a certain diversity effect can be exploited with
implementation in a manner as simple as a block interleaver in
the previous subsection. Minimizing Pmin, under the obvious
constraint that the number of bits mapped onto each bit
position is equal, is equivalent to minimization of the variance
of branch metrics in the trellis of entire codeword. Therefore,
we employ the optimized block interleaver outlined in [11] as
our optimal interleaver.

We describe the construction of the optimized block inter-
leaver by a specific example, assuming rate-1/2 convolutional
codes in what follows. In the case of Gray labeled M -PAM
constellation with bit position i = 1, · · · ,m, the bit reliability
(strength) decreases as i increases. In this case s of the
optimized block interleaver has the property that bit with i = 1
and i = m are paired within one trellis segment and so on such
that the variance of the branch metrics is minimized, where
the bit position order of the deinterleaved bits corresponding
to the entire codeword is represented as

s = [1,m, 2, m − 1, · · · , bm

2
c, dm

2
− 1e, 1,m, · · · ]. (24)

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we will show the distributions of ∆sum and
the comparison of the approximate BER lower bound (21)
and simulated BER performance over AWGN channels for the
three interleavers described in Section IV. These results verify
the validity of the derived BER approximation and the design
guideline, and also present the superiority of the optimized
block interleaver. In addition, we will show that our analysis
can be extended to fading channels by validation through the
simulations over a Rayleigh fading channel.

In our simulation, we assume 4-PAM and 16-PAM, and
rate-1/2 convolutional codes with constraint length of Kc = 3
whose generator polynomial is given by (5, 7)8. The codeword
length of 3096 is assumed, and 72 × 43 block structure for
both the block interleavers is used (i.e., the consecutiveness
of unreliable bits will occur in the regular block interleaver
for both the modulation types as shown in Fig. 3).

Fig. 4. The distribution of ∆sum for the three interleavers; random, regular
block, and optimized block interleavers.

A. Comparison of Pmin

Fig. 4 shows the distribution of ∆sum for the three in-
terleavers. Note that Pmin is the probability associated with
∆sum = 5d2

min in the distribution. Since the value of Pmin

for the optimized block interleaver is the smallest of the
three, it can be concluded that the heuristic optimization
approach reported in [11] indeed satisfies the design guideline
in this paper. Moreover, from the above observation, it is
expected that the optimized block interleaver shows the best
performance, whereas the regular block interleaver shows the
worst among the investigated interleavers.

B. BER Comparison over an AWGN Channel

Fig. 5 shows the comparison between the simulated BER
performance and the approximate BER lower bound calculated
by (21) over an AWGN channel. Comparing the simulation
results and corresponding approximate lower bounds in the
low SNR, the gaps between them are large since only symbol
errors to the nearest neighbor are taken into account in
our analysis. On the other hands, in high SNR region, the
approximate lower bound curves show good agreement with
the simulation results. Therefore, we can conclude that the
derived expression (21) can precisely evaluate the performance
of the BICM system with specific interleavers over an AWGN
channel. Nevertheless, over an AWGN channel it is known that
any interleaver is suboptimal since BICM without interleaving
outperforms that with interleaving [10], thus suggesting that
the proposed design guideline is still suboptimal for an AWGN
channel.

C. BER Comparison over the Fading Channel

Next, we will discuss the effectiveness of our design guide-
line to fading channels. We assume the OFDM transmission
scenario combined with the convolutionally coded BICM
considered in this paper over a frequency-selective Rayleigh
fading channel that has 15 independent taps. The numbers of



Fig. 5. BER performance comparison of the simulation (sim) and the
approximation (approx) for Kc = 3 convolutional codes with the three
interleavers (random, regular block, and optimized block) over an AWGN
channel. Simulation results for the case without any interleaving are also
shown as the dished lines.

the OFDM subcarriers are chosen as 1548 for 4-PAM and 774
for 16-PAM, and the length of the cyclic prefix is set such that
the effect of the inter-symbol interference is negligible. The
perfect channel state information is assumed at the decoder.

Fig. 6 shows the simulated BER performances in this sce-
nario. The relationship among the three interleavers is almost
the same as that over an AWGN channel. In 4-PAM case,
the reason why the performance of the random interleaver
is inferior to that of the regular block interleaver is that the
achieved diversity order of the random interleaver may be
smaller than that of regular block interleaver, despite the fact
that the regular block interleaver has larger Pmin value than
the random interleaver. Therefore, if sufficient diversity order
from the frequency-selective fading channel is achievable,
our analysis and guideline for designing the interleaver may
be applicable to the fading channels. We also observe that
while no interleaved case outperforms the interleaved cases
over AWGN channels, without interleaving, no frequency
diversity is achieved by the OFDM system over frequency-
selective fading channels, which results in large performance
degradation compared to the interleaved cases. Therefore, if
the interleaver that satisfies our design guideline can achieve
full diversity, it can be optimal for such fading channels as
well.

VI. CONCLUSION

In this paper, we have derived the approximate BER ex-
pression for convolutionally coded BICM system with specific
interleavers over an AWGN channel. Numerical results have
shown that the approximation becomes tight when SNR is
high, and our analysis is valid for evaluating the performance
with different interleaver structures. We presented the guide-
line in designing an optimal interleaver. However, it is subop-
timal in the sense that the better performance can be achieved

Fig. 6. The simulated BER performance comparison among the three
interleavers over a block fading channel which has 15 independent Rayleigh
fading taps. The performance of the case without any interleaver is also plotted
as a reference.

without interleaving when the channel is AWGN. Therefore,
we have also demonstrated the applicability of our design
guideline to fading scenarios through the simulations with a
practical BICM-OFDM system. Our future work includes an
extension of our analysis to fading channels by taking into
account the effect of frequency diversity effect provided by
the channels.
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