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Abstract— We propose a new coded modulation called hexag-
onal shell modulation (HSM). The HSM has a signal constel-
lation composed of shell-like tiling of hexagons and thus has
a lower peak-to-average power ratio (PAR) than a standard
square quadrature amplitude modulation (QAM) with compara-
ble bandwidth efficiency and minimum Euclidean distance. The
main challenge is that HSM has a non-power-of-two number of
constellation points, and thus assignment of binary information
to HSM is not straightforward. We resolve this by applying a
multilevel coded modulation (MLC) scheme where a ternary set
partitioning combined with binary-input ternary-output (BITO)
turbo codes is employed to fully exploit the property of the non-
power-of-two constellation points. Throughout this letter, we focus
on an 18-ary HSM with the information rate of 3 bit/symbol
as a specific example. It is shown that this system outperforms
the standard square 16-QAM with the same rate when PAR is
constrained.

Index Terms— Hexagonal shell modulation, multilevel coded
modulation, ternary set partitioning, ternary turbo codes

I. INTRODUCTION

IN CONSTELLATION design for linear modulation, one
of principal objectives is to maximize minimum Euclidean

distance among constellation points while at the same time
lowering peak-to-average power ratio (PAR) to avoid nonlinear
power amplification. The standard quadrature amplitude mod-
ulation (QAM) with a square shape is advantageous in terms
of minimum Euclidean distance, but at the cost of relatively
high PAR. The phase shift keying (PSK) is attractive in terms
of PAR, but its minimum Euclidean distance rapidly decreases
as the constellation size increases. For this reason, high-order
PSKs are seldom used in practice.

As a constellation that meets both of the above require-
ments, we propose the use of a shell-like tiling of hexagons
as depicted in Fig. 1. We call the modulation with this
constellation as a hexagonal shell modulation (HSM). The
HSM preserves the benefit in terms of minimum Euclidean
distance even for high-order modulation (i.e., large number of
bits per symbol) with relatively low PAR.

Although hexagonal constellations including those similar
to HSM have been studied by many researchers for several
decades, e.g. [1–5], their focus has been only on uncoded
performance. To the best of the authors’ knowledge, there ap-
pears no specific study on the performance of coded hexagonal
signal constellations. Therefore, we pursue desirable coding
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Fig. 1. Signal constellation of hexagonal shell modulation (HSM).

schemes matched to HSM and develop a practically realizable
coded modulation scheme with HSM.

A principal issue associated with the use of HSM is that
it has a non-power-of-two number of constellation points. To
overcome this, we first consider excluding the origin of the I-
Q plain as shown in Fig. 1. Then the number of constellation
points in HSM with s inner shells is given by

Bs = 3s(s + 1). (1)

As an example, let us focus on the case with s = 2 and Bs =
18. The number of the symbol points can be factorized as 18 =
2× 3× 3 and thus one symbol of this 18-ary HSM (18-HSM)
can be decomposed into one binary channel and two ternary
channels. To develop an efficient coded modulation scheme
for this unconventional constellation, we consider the com-
bination of multilevel coded modulation (MLC) [6], ternary
set partitioning, and binary-input ternary-output (BITO) con-
volutional/turbo codes [7, 8] as the component codes. The use
of MLC allows us to decompose the constellation into a set
of lower-order constellations. The BITO codes are effective
to compose ternary symbols from binary information: with
the BITO codes, the redundancy associated with the binary-
to-ternary conversion can be implicitly exploited for error
correction. Note that the BITO codes are also applicable to
MLC with other constellations such as 6-HSM (equivalent
to 6-PSK), 36-HSM, and 216-HSM (each corresponding to
s = 1, 3, and 8, respectively).

The use of ternary set partitioning and ternary symbols for
a hexagonal constellation was first introduced in [4], but its
main objective was limited to evaluation of channel capacity
and no specific coding scheme was proposed. The authors of
[9] considered a coding for 6-PSK by using a combination of
two independent binary and ternary codes, similar to the idea
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of MLC. However, they unconventionally assumed ternary
information as its input.

The outline of the letter is as follows: in the next section, we
describe the signal constellation of 18-HSM and evaluate basic
parameters such as the minimum Euclidean distance, PAR, and
channel capacity. Although our primary interest is coded 18-
HSM, we also analyze its uncoded error rate performance in
Section III as a reference. Section IV presents the BITO turbo
codes used as component codes of our multilevel-coded 18-
HSM and Section V shows a specific example of the MLC
and its bit error rate (BER) performance. Finally, concluding
remark is stated in Section VI. Throughout this letter, we
focus on the performance over an additive white Gaussian
noise (AWGN) channel with the (complex) variance N0 for
simplicity.

II. 18-ARY HEXAGONAL SHELL MODULATION

By observing Fig. 1, we may define the constellation points
of 18-HSM as

S = {
√

3Es/8 ejπ(2k+1)/6, 3
√

Es/8 ejπk/3,

2
√

3Es/8 ejπ(2k+1)/6| 0 ≤ k < 6}, (2)

where Es denotes the energy of one transmitted symbol. An
advantage of 18-HSM over 16-QAM is that the constellation of
18-HSM has narrower dynamic range due to its nearly circular
shape. The peak energy values of 18-HSM and 16-QAM are
respectively given by

p2 = 1.50Es (18-HSM) (3)

p2 = 1.80Es (16-QAM). (4)

Hence, the peak-to-average power ratio (PAR) of 18-HSM is
10 log(1.80/1.50) = 0.79 dB lower than that of 16-QAM. This
low PAR property improves power amplifier efficiency and
thus is desirable for battery driven mobile terminals. It should
be noted that a rigorous evaluation of PAR necessitates in-
stantaneous power statistics of pulse-shaped signals. However,
even with pulse shaping filtering of a moderate roll-off factor,
it is observed that the difference of PAR values is nearly equal.
Therefore, for conciseness, we do not consider pulse-shaping
effect in our analysis.

The minimum squared Euclidean distance (MSED) of 18-
HSM that determines the asymptotic error rate in an uncoded
case is calculated as d2 = 3Es/8 = 0.375Es. On the other
hand, that of the conventional square 16-QAM is given by
d2 = 0.4Es. As a reference, that of 16-PSK is d2 = 0.15Es.
Replacing Es by the energy of one information bit Eb, we
have

d2 = 0.375 × log2 18Eb = 1.56Eb (18-HSM), (5)

d2 = 0.4 × log2 16Eb = 1.6Eb (16-QAM), (6)

d2 = 0.15 × log2 16Eb = 0.6Eb (16-PSK). (7)

Thus, the MSED of 18-HSM for fixed Eb is only
10 log(1.6/1.56) = 0.10 dB smaller than that of 16-QAM.

As opposed to the MSED in an uncoded scenario, the
channel capacity (for a fixed constellation) is an appropriate
performance measure when capacity-approaching codes are
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Fig. 2. Quasi-Gray labeling for 18-HSM.

employed. The numerically evaluated channel capacities of
18-HSM and 16-QAM, shown later in Fig. 5, indicate that
there is no visible difference at the information rate below
3.5 bit/symbol where coded performance is of interest.

To conclude the comparison of basic parameters presented
in this section, we remark that the use of 18-HSM has the
potential of achieving error rate performance comparable with
that of 16-QAM both in uncoded and coded cases, and 0.79 dB
gain in terms of the PAR reduction. In the subsequent sections,
we study error rate performance of 18-HSM with specific
settings.

III. UNCODED PERFORMANCE

In this section, we analyze the uncoded error performance
of 18-HSM.

A. Assumptions

In the uncoded case, a binary symbol and two ternary sym-
bols that compose an 18-HSM symbol (since 18 = 2× 3× 3)
should be mapped based on the principle of the Gray labeling
such that the overall bit error rate is minimized. Figure 2
shows a quasi-Gray labeling for 18-HSM in which only few
boundaries have multiple-symbol difference, even though it
does not precisely follow Gray labeling.

We assume that information is binary and thus the binary-to-
ternary (BT) conversion is necessary to match an 18-ary sym-
bol. Note that the conversion of binary symbol set to ternary
symbol set should introduce some amount of redundancy as
2 and 3 are both prime numbers. Nevertheless, it is possible
to reduce the redundancy by suitably choosing the size of the
set. For example, conversion from 11 binary symbols to 7
ternary symbols, i.e., GF(211) → GF(37), yields the rate of
11 log2 2
7 log2 3 ≈ 0.991 [10]. Thus, the redundancy associated with

this conversion is negligible.
In order to minimize the number of information bit errors

caused by one ternary symbol error, we determine the mapping
between binary and ternary symbols such that a ternary symbol
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Fig. 3. BER of uncoded 18-HSM (4.17 bit/symbol) and 16-QAM
(4 bit/symbol).

and its corresponding binary symbol represent the same integer
in the sense of the Gray code. The construction of non-binary
Gray code is found, e.g., in [11].

B. BER Analysis

With the above setting in mind, we derive the bit error rate
(BER) of uncoded 18-HSM. First, since the constellation has
at maximum 6 nearest neighbors with the MSED given by (5),
the symbol error rate Ps is bounded by the following union
bound:

Ps < 6Q

(√
1.56Eb/N0

2

)
. (8)

Due to the (quasi) Gray labeling, a symbol error is caused
by an error in the binary symbol or ternary symbol with
probabilities 1/3 and 2/3, respectively. If a binary symbol is
erroneous, the asymptotic bit error rate (in high SNR region)
is given by dividing the symbol error rate by log2 18. On the
other hand, if a ternary symbol is in error, there are 7 distinct
error patterns in 11 consecutive bits because of the previously
introduced BT conversion. Consequently, the BER Pb is given
by

Pb ≈
(

2
3
× 7

11
+

1
3
× 1

log2 18

)
Ps

< 3.025 · Q

(√
1.56Eb/N0

2

)
. (9)

Figure 3 shows the derived bound (9) and a simulated BER
curve along with the bound of 16-QAM. From the figure, it is
observed that the gap in Eb/N0 is asymptotically about 0.5 dB,
which is larger than the loss in the MSED of 0.10 dB (cf. (5)
and (6)). This stems from the fact that 18-HSM has the number
of the nearest neighbors with the MSED larger than that of
16-QAM. The BT conversion also increases the number of the
error events and the multiplier of the Q-function accordingly.

IV. BINARY-INPUT TERNARY-OUTPUT TURBO CODES

In order to design a turbo-coded MLC for 18-HSM, a
turbo code that can output ternary codewords is necessary.
A straightforward approach is to use a standard (binary) turbo
code and convert its codeword into ternary by the BT con-
version introduced in the previous section. However, the use
of the conversion significantly degrades coded performance as
can be expected from the low SNR region of the uncoded BER
(Fig. 3).

To resolve this, we use binary-input ternary-output (BITO)
turbo codes similar to [8] and implicitly exploit the redun-
dancy associated with BT conversion for error correction. It
should be mentioned that our BITO turbo codes developed
in this letter are designed in a different fashion from those
of [8]. Specifically, the BITO turbo codes in [8] are based on
Berrou’s parallel concatenation, and thus obviously their inher-
ent systematic output remains binary. Consequently, the output
codeword consists of the alphabets 0, 1, and 2 unequally, and
such a biased output sequence has a smaller entropy than that
with a uniform distribution. Thus, the channel capacity may
not be achievable with this approach.

A. BITO Turbo Codes Based on Serial Concatenation
In order to avoid this drawback, we design our BITO turbo

codes based on Benedetto’s serial concatenation [12] which
has no systematic output and hence can yield the alphabet
0, 1, and 2 in an equiprobable manner. The serially concate-
nated BITO turbo codes are further classified into two types,
regarding which component code conducts BT conversion. In
this letter, for simplicity, we only consider that the outer code
performs BT conversion, using the BITO convolutional codes
(BITO CCs) proposed in [7] and a ternary-input ternary-output
(TITO) inner code.

A BITO CC with the constraint length of K and N -output
ports is formulated as

G =
[
g1(D) . . . gN (D)

]
, (10)

gi(D) =
K−1∑
n=0

αi,nDn, (11)

where the addition is executed in GF(3) and αi,n ∈ GF(3)
denotes a ternary coefficient. The ratio of the input information
with respect to the output information, each given in bit, (i.e.,
coding rate) is given by (N log2 3)−1. This suggests that,
unlike conventional binary CCs, coding gain can be expected
even if N = 1 due to the redundancy associated with the BT
conversion.

We confine the TITO inner code to be the rate-1 differential
encoder (DE) as in [13], since only the recursive structure of
the code is required to obtain the interleaver gain [13]. The
TITO DE is defined as follows:

Definition 1 (TITO DE): For a given ternary sequence
{u0, u1, . . . }, un ∈ GF(3), the output sequence
{c0, c1, . . . }, cn ∈ GF(3) is encoded as cn = un + cn−1.

Information per one ternary symbol (bit/symbol) generated
by the BITO turbo code with the above settings is

Rc =
1

N log2 3
× 1 × log2 3 =

1
N

. (12)
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Fig. 4. Three-level set partitioning for 18-HSM. A constellation is partitioned in three different sub-constellations (ternary set partitioning) at levels 0 and 1.

It is important to note that outer BITO CCs in general output
ternary alphabets {0, 1, 2} with unequal occurrence probabil-
ities. However, after scrambled by a random interleaver and
encoded by the inner TITO DE, the ternary alphabets in the
output codewords are equally observed. This suggests that the
constellation points of 18-HSM are also equally chosen and
thus the PAR property evaluated from the constellation shape
(see Section II) is valid for actually transmitted symbols.

B. Optimal Generator Polynomials

In order to find optimal generator polynomials with the outer
BITO CCs, we performed an exhaustive computer search1

over all the possible generator polynomials of N = 1 with
K = 3 and 4. The evaluated system is the combination of
the proposed BITO turbo code and 3-PSK modulation [7]
where the information rate is thus 1.0 bit/symbol (cf. (12)).
The obtained optimal generator polynomials are, respectively,[

2 + 2D + D2
]

(K = 3), (13)[
1 + 2D + D3

]
(K = 4). (14)

The comparison of BER curves, which is omitted due to space
limitation, shows that the polynomial of K = 4 with a 20 000-
symbol long interleaver and 30 iterations achieves BER =
10−5 within 0.8 dB from the channel capacity, whereas that
of K = 3 and the same parameter settings achieves within
1.0 dB.

V. MULTILEVEL TURBO-CODED 18-HSM

A. Set Partitioning

The bit labeling in the conventional trellis coded modulation
(TCM) uses Ungerboeck’s set partitioning where the intra-
distance of a partitioned sub-constellation increases in the
order of the partition level. As shown in [14], however, this set
partitioning is not essential for MLC and multi-stage decoding
(MLC/MSD): any set partitioning can approach the capacity as
long as the level-wise rate distribution matches to the level-
wise channel capacities. This is known as the capacity rule
[14].

1Since BITO CCs are not linear, we cannot make use of low-complexity
search algorithms developed for conventional binary CCs.

In this letter, we design our bit labeling of 18-HSM so as
to facilitate the use of the BITO turbo codes. Specifically, the
proposed BITO turbo codes are not flexible in terms of the ob-
tainable rate: it is limited to 1/n (n = 1, 2, 3, . . . ) bit/symbol.
Thus, we need a set partitioning that has level-wise channel
capacities close to these realizable rates for a given information
rate per 18-ary symbol. Fortunately, such a set partitioning
has been found for 18-HSM: the set partitioning depicted in
Fig. 4 has the level-wise channel capacities shown in Fig. 5,
where both the levels 0 and 1 have largely 1 bit/symbol at
the overall rate of 3 bit/symbol. In what follows, we design
a MLC scheme of 3 bit/symbol using this set partitioning for
18-HSM.

B. A Design Example of Component Codes

With reference to the level-wise channel capacities at
3 bit/symbol, we design component codes as follows:

• level 0, rate 1: Since the actual capacity of level 0 is
slightly higher than 1 bit/symbol, we can assign a code
with less error correcting capability. We therefore use the
BITO turbo code with K = 3 given by (13) and a small
iteration count of 10.

• level 1, rate 1: Since the actual capacity of level 1 is
slightly lower than 1 bit/symbol, we use the BITO turbo
code with K = 4 given by (14) and a large iteration
count of 30.

• level 2, rate 1: An uncoded binary symbol is mapped
directly.

C. Simulation Results

Figure 6 shows the simulation results along with the per-
formance limits derived from the channel capacity of 18-HSM
(Fig. 5). From the figure, we can observe that the presented
MLC system achieves BER = 10−5 within 1.3 dB from the
capacity limit.

We have also evaluated the level-wise BERs, assuming that
the other levels are decoded without error. As observed from
the figure, the overall BER is bounded by that of level 1.
As expected from the level-wise capacities (Fig. 5), this stems
from the fact that the capacity of level 1 is actually lower than
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Fig. 6. BER of multilevel-coded 18-HSM. The length of a pseudo random
interleaver is 20000.

Fig. 5. Level-wise channel capacities of set-partitioned 18-HSM.

1 bit/symbol. Thus, rate-flexible BITO turbo codes should be
developed for designing more efficient MLC schemes.

Note that the rate 3 bit/symbol turbo-coded MLC with 16-
QAM presented in Fig. 10 of [15] achieves BER = 10−5 at
Eb/N0 = 5.3 dB. On the other hand, our MLC with 18-HSM
achieves the same error rate at Eb/N0 = 5.9 dB and thus there
is a loss of 0.6 dB. Nevertheless, since 18-HSM has the PAR
reduction of 0.79 dB compared to 16-QAM (cf. Section II),
the overall performance considering power amplifier efficiency
may become favorable to our approach when the linearity
requirement of the power amplifier is critical.

VI. CONCLUSION

In this letter, a low-PAR hexagonal signal constellation,
referred to as hexagonal shell modulation (HSM), is proposed.
We developed a practically realizable MLC scheme based on
the BITO turbo codes and demonstrated its performance with
18-HSM as a specific example.
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