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On the Distribution of Instantaneous Power in
Single-Carrier Signals
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Abstract— This paper studies a statistical distribution of in-
stantaneous power in pulse-shaped single-carrier (SC) modula-
tion. Such knowledge is of significant importance to estimate
several concerns associated with the non-linearity of power
amplifiers, e.g., required back-off level or clipping distortion in
amplified signals. However, existing works often rely on Monte-
Carlo simulations, since analytical derivation of the statistical
distribution of SC signals is a complex problem involving
combined dependency of a constellation format and a pulse
shape. In this paper, we tackle this problem and propose
two new analytical methods based on the uniform distribution
approximation of discrete signal points. The derived expressions
can be easily evaluated and serve as tight upper bounds for
high-order pulse amplitude modulation (PAM) and quadrature
amplitude modulation (QAM).

Index Terms— Single-carrier, peak-to-average power ratio
(PAPR), instantaneous power, complementary cumulative distri-
bution function (CCDF)

I. INTRODUCTION

S INGLE-CARRIER (SC) and orthogonal frequency divi-
sion multiplexing (OFDM) systems are often compared

in terms of difference in their peak-to-average power ratio
(PAPR) characteristics. A rigorous comparison of these sys-
tems necessitates the knowledge of statistical behavior of mod-
ulated signals, since the PAPR is essentially a random variable
(RV) that affects systems by its probability of occurrence.
Derivation of the distribution allows us to estimate a number
of practical concerns such as a required linear range and power
efficiency of a power amplifier, and the degradation of error
rate and adjacent channel interference (ACI) due to clipping
distortion in amplified signals [1].

While there are a number of solid theoretical analyses
devoted to the distribution of the PAPR in OFDM signals, e.g.,
in [2, 3], that of SC signals is studied largely based on Monte-
Carlo simulations due to its difficulty in capturing the effect
of pulse shaping filters [4, 5]. Recently, Wulich and Goldfeld
[6] have analyzed the distribution of the instantaneous power
for pulse-shaped single-carrier signals and derived an upper
bound. The tightness of this bound, however, depends on the
filter parameter setting and thus may not serve as a guideline
for general linear modulation systems. In this paper, we present
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two new upper bounds different in terms of their evaluation
complexity. The key technique common to both bounds is the
introduction of a uniform distribution as an asymptote for the
signal with an infinitely large number of constellation points.
Consequently, they exhibit excellent tightness for high-order
constellations.

Through the evaluation of the derived analytical representa-
tions, we have confirmed that the use of a steep pulse-shaping
filter (i.e., with a narrow roll-off band) incurs a considerable
amount of dynamic range. This is a fact frequently noted
in the literature on the PAPR issue of SC signals [4–11].
The importance of the width of the roll-off band can also
be observed in the precoded OFDM system presented in [12]
which is virtually a SC system due to a precoding operation.
The use of high-order amplitude modulation also increases
the resulting dynamic range. Thus, SC systems in highly
bandwidth-efficient regime suffer from high PAPR, similar to
OFDM systems.

The rest of this paper is organized as follows: our sys-
tem model and problem formulation are stated in the next
section. Section III presents a straightforward but compu-
tationally intensive approach and briefly reviews the upper
bound derived in [6]. In Sections IV and V, we present two
new approaches. Section VI evaluates the derived analytical
expressions. Finally, Section VII concludes the paper. We use
the following notations: fX(x) for probability density function
(PDF), FX(x) for cumulative distribution function (CDF), and
ΓX(x) for complementary CDF (CCDF), all with respect to a
given RV X . The subscripts will be dropped if an associated
RV is obvious from the context.

II. DEFINITIONS AND PROBLEM FORMULATION

Our system model, assumptions, and the problem formula-
tion are basically the same as those in [6]. Let {Xn} be a
sequence of identically and independently distributed (i.i.d.)
real-valued symbols to be transmitted, where each symbol
takes an amplitude from a set of energy-normalized M -ary
pulse amplitude modulation (M -PAM) constellation:

AM =

{
a(m) =

−(M − 1) + 2m√
(M2 − 1)/3

, 0 ≤ m < M

}
(1)

with the probability of

Pr
[
Xn = a(m)

]
=

1
M

. (2)

Later on, we extend our analysis to a quadrature amplitude
modulation (QAM) case in which each complex symbol is re-
garded as the combination of two independent PAM symbols.



2

Let g(t) be a pulse shape centered at t = 0 and normalized to
have a unit energy: ∫ ∞

−∞
|g(t)|2dt = 1. (3)

The baseband representation of the SC modulated signal for
given {Xn} is expressed as

S(t) =
∞∑

n=−∞
Xng (t − nT ) , (4)

where T is the symbol duration (Nyquist interval). The corre-
sponding instantaneous power is denoted by W (t) , |S(t)|2.

The problem tackled in this paper is to find the CCDF of
the instantaneous power W (t):

ΓW (t)(w) , Pr
[
|S(t)|2 ≥ w

]
. (5)

With this CCDF associated with a particular time instant t, we
use the time-averaged CCDF for system evaluation:

ΓW (w) =
1
T

∫ T

0

ΓW (t)(w)dt. (6)

Due to the cyclostationarity of the SC signals [13],
ΓW (t+T )(w) = ΓW (t)(w) may hold so that the integration
from 0 to T is sufficient for averaging. In order to compute
the integral of (6) numerically, we replace it by the discrete
summation of

ΓW (w) ≈ 1
Ns

Ns−1∑
n=0

ΓW (nT/Ns)(w), (7)

where Ns is an oversampling factor. By changing the value of
Ns in (7), the accuracy of the resulting instantaneous power
distribution will be investigated later.

Since the settings of (1) and (3) force the modulated signals
to have a unit average power, the resulting CCDF, ΓW (w),
serves as the CCDF of the normalized instantaneous power
which is closely related to the clipping probability. Distortion
component of amplified signals or ACI can also be estimated
from this CCDF [1]. If desired, one can define a PAPR as
a deterministic value by taking the inverse of the obtained
CCDF, i.e., the value of w at ΓW (w) = ε where ε is a certain
small value, e.g., 10−4.

Upon evaluating (5), we use the fact that:

ΓW (t)(w) = Pr
[
|S(t)|2 ≥ w

]
= Pr [|S(t)| ≥ s] = Pr [S(t) ≥ s] + Pr [S(t) ≤ −s]
= 2Pr [S(t) ≥ s] = 2ΓS(t)(s), (8)

where s =
√

w and the last equality is apparent from the
symmetry property of the PAM constellation. Therefore, in
what follows, we derive the CCDF of instantaneous amplitude,
ΓS(t)(s). Furthermore, let us define an effective length (or
support) of g(t) as K-symbol interval so that its amplitude is
regarded as zero outside the range of (−K

2 T, K
2 T ]. Then, for

a particular time instant t ∈ [0, T ), S(t) can be expressed as

S(t) =
K/2−1∑

n=−K/2

Xng (t − nT ) . (9)

This suggests that an instantaneous amplitude is given by
a linear combination of K i.i.d. RVs X−K/2, . . . , XK/2−1.
Since the indices of Xn’s are not essential, we rewrite (9) as
follows for notational convenience:

S(t) = g1X1 + g2X2 + · · · + gKXK , (10)

where gn , g(t−(n−1−K/2)T ). We hereafter drop the time
variable t and just write S for S(t), ΓS(s) for ΓS(t)(s), and
so forth. In (10), none of gn’s is assumed to be zero without
loss of generality: if there exist some gn’s that are equal to
zero, we simply exclude them from consideration.

In this paper, the root raised-cosine (RRC) pulse with a roll-
off factor denoted by α is exclusively examined. Extension to
other filters is straightforward. A closed-form expression of
the RRC pulse is found in [14]:

g(t) =


1 − α + 4α

π , t = 0,
α√
2

{(
1 + 2

π

)
sin π

4α +
(
1 − 2

π

)
cos π

4α

}
, t ± T

4α ,
sin π(1−α)t/T+4αt/T cos π(1+α)t/T

πt/T (1−(4αt/T )2) , otherwise.
(11)

By changing the support of the pulse, K, the accuracy of
the resulting instantaneous power distribution will also be
investigated.

III. EXHAUSTIVE APPROACH AND CHERNOFF BOUND

Before presenting our approaches, in this section we present
an exhaustive brute-force approach and also briefly review the
Chernoff bound derived in [6].

A brute-force approach follows straightforwardly from (10):
referring to this equation, S has MK realizations all with
the identical probability of 1/MK . Thus, exhaustive counting
of the number of realizations that exceed a given threshold
s gives the desired CCDF ΓS(s) without loss of accuracy.
Nevertheless, the feasibility of this exhaustive approach is
limited to the case with small numbers of M and K.

In [6], Wulich and Goldfeld have derived a Chernoff bound
of ΓS(s) which is calculated as

ΓS(s) ≤ exp (−ν̂s)
MK

K∏
n=1

M−1∑
m=0

exp
(
ν̂gna(m)

)
, (12)

where ν̂ is the solution of
K∑

n=1

∑M−1
m=0 gna(m) exp

(
νgna(m)

)∑M−1
m=0 exp

(
νgna(m)

) = s. (13)

Favorably, the computational complexity of this bound is not
exponential; it is of order only of MK, by observing the
number of summations and multiplications in (12) and (13).
As will be seen later, this bound is not so tight even though the
tightness is improved in an asymptotic manner as s → ∞. It is
also important to note that (13) has to be solved numerically.

IV. HYPERGEOMETRIC APPROACH

In this section, we develop a low-complexity analytical
approach with better approximation than the Chernoff bound
for large constellation size M .
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Fig. 1. Regions in which a pair of RVs (X1, X2) satisfies |g1|X1 +
|g2|X2 ≥ s.

Preliminarily, we redefine S in (10) as

S = |g1|X1 + |g2|X2 + · · · + |gK |XK . (14)

This does not change the distribution of S due to the symmetry
property of Xn. Furthermore, we consider that the number of
constellation points M goes to infinity, i.e., M → ∞: the
resulting PAM constellation A∞ then has continuous signal
point uniformly distributed over (−a, a), where, by actually
taking the limit in (1), one can find a =

√
3. We call this

analytic PAM a uniform PAM.

A. The Case of K = 2
We start with considering the case of K = 2 in (14). Due

to the statistical independence assumption of X1 and X2, the
region in which a pair of these RVs, (X1, X2), exists is given
by a square as depicted in Fig. 1 (a). In the same figure, we also
depict a triangular sub-region that satisfies |g1|X1 + |g2|X2 ≥
s for a given s. Since (X1, X2) distributes uniformly in the
square region, the ratio of the areas of the triangle and the
square gives the probability that S exceeds s, which is the
desired CCDF ΓS(s).

The area of the square is (2a)2, while that of the triangular
sub-region (let us denote it by V ) can be calculated from the
intersections of |g1|x1 + |g2|x2 = s with x1 = a and x2 = a.
Let (d1, a) and (a, d2) denote these intersections, respectively,
where d1 = s−|g2|a

|g1| and d2 = s−|g1|a
|g2| . The area is then V =

max(a− d1, 0) ·max(a− d2, 0)/2, where the max operations
are necessary to make the volume zero when d1 > a or d2 > a,
i.e., when the line |g1|X1 + |g2|X2 = s has no intersection
with the square. With this, the CCDF is calculated as

ΓS(s) =
V

(2a)2
=

max(a − d1, 0) · max(a − d2, 0)
2 · (2a)2

. (15)

B. Upper and Lower Bounds

The problem becomes somewhat complex when the sub-
region is not triangular, i.e., when at least one of d1 and d2 is
smaller than −a as shown in Fig. 1 (b) and (c). Let V continue
to denote the area of a triangle formed by the intersections
d1, d2 and Ṽ be the area of the sub-region in which (X1, X2)
satisfies |g1|X1 + |g2|X2 ≥ s. To obtain Ṽ from V , the areas
of the protruding grey triangles have to be subtracted. The
area of the left protruding triangle in Fig. 1 (b) and (c) can be
found, based on geometrical similarity, to be ρ1V , where

ρ1 =
(
−a − d1

a − d1

)2

. (16)

Likewise, the area of the right protruding triangle in the case
of Fig. 1 (c) is given by ρ2V where ρ2 can be calculated
similarly. With these areas, Ṽ can equate with (1−ρ1−ρ2)V .
Note however that this relation in fact underestimates the exact
area as shown in Fig. 1 (d) where the two protruding triangles
overlap each other1. Therefore, we refer to this modified area
as the lower bound ṼL:

ṼL = (1 − ρ1 − ρ2)V ≤ Ṽ . (17)

Finding the coordinates of an overlap may be possible for
the two-dimensional case but becomes involved for higher
dimensional cases that we will discuss later.

An upper bound of Ṽ can also be derived. Let V1 = (1 −
ρ1)V be the area with only the left protruding triangle being
subtracted off. Removing the right protruding triangle from the
remaining trapezoid results in the desired Ṽ , but it is necessary
to find the coordinates of the overlap. As a countermeasure,
by approximating the trapezoid with its bounding rectangle
(see Fig. 1 (d)), it is possible to apply geometrical similarity
to the rectangle. We can then observe that the desired Ṽ is
upper-bounded by

ṼU = (1 − ρ1)(1 − ρ2)V ≥ Ṽ . (18)

The upper and lower bounds of ΓS(s) can be obtained by
substituting V in (15) with ṼU and ṼL. These bounds approach
asymptotically to the exact CCDF, since overlap becomes less
frequent as s increases.

C. The Case of K = 3
Next, let us consider K = 3. The region of a cube in

which the combination of RVs (X1, X2, X3) exists is now
given by a volume of (2a)3. The volume of a tetrahedral
sub-region that satisfies |g1|X1 + |g2|X2 + |g3|X3 ≥ s is
calculated from the intersections with the cube, d1, d2, and
d3, as V = max(a − d1, 0) · max(a − d2, 0) · max(a −
d3, 0)/(2 · 3), where d1 = s−(|g2|+|g3|)a

|g1| , d2 = s−(|g1|+|g3|)a
|g2| ,

and d3 = s−(|g1|+|g2|)a
|g3| . Modification of the volume necessary

when a protruding tetrahedron exists is done with ρ1, ρ2,
and ρ3, similar to (16), but they are now defined as ρi =
(−a−di

a−di
)3, i = 1, 2, 3.

1In the case of K = 2, we do not actually have to consider this overlap
as the sub-region is the same as the square. However, the existence of such
an overlap should be aware of upon extending the discussion here to higher
dimensional cases.
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D. Extension to General K

For K = 4 and above, the geometric calculation approach
discussed above inductively generalizes to hypergeometric
cases, giving a general procedure to obtain upper and lower
bounds. In what follows, we summarize its procedure.

The combination of RVs (X1, . . . , XK) exists in a hyper-
cube of a volume (2a)K . The volume of the simplex sub-
region is given by

V =
max(a − d1, 0) · · ·max(a − dK , 0)

K!
, (19)

where

di =
s − (

∑K
j=1,j ̸=i |gj |)a
|gi|

, 1 ≤ i ≤ K. (20)

To calculate upper and lower bounds, define ρi, 1 ≤ i ≤ K,
as

ρi =


(

−a−di

a−di

)K

, di ≤ −a,

0, otherwise.
(21)

With these, calculate

ṼU = (1 − ρ1) · · · (1 − ρK)V, (22)

ṼL = (1 − ρ1 · · · − ρK)V. (23)

The desired CCDF ΓS(s) is then bounded by

ṼL

(2a)K
≤ ΓS(s) ≤ ṼU

(2a)K
. (24)

The computational complexity of the above procedure is
only of O(K2), by observing from (20) that the number
of di’s to be calculated is K and each of them can be
calculated by summation of K terms. The simplicity of the
algorithm is another benefit of the above approach: it can be
straightforwardly implemented with a programing language.
On the other hand, the Chernoff bound approach should resort
to unwieldy numerical calculations, as mentioned at the end
of Section III.

V. PIECEWISE POLYNOMIAL APPROACH

In this section, we develop another approach based on the
uniform PAM approximation. The derived analytical expres-
sion serves as an exact CCDF of uniform PAM and hence
can be expected to serve as a tight bound for high-order
constellations. Another salient advantage of this approach is
that it can be extended to QAM cases with one extra numerical
integration.

A. Representing Distribution by Impulse Sequence

Similar to the hypergeometric approach, (14) is the starting
point of this approach. The PDF of Xn, where Xn is a symbol
of uniform PAM, can be written by using the unit step function
u(x) as

f(x) =
1
2a

{u(x + a) − u(x − a)} . (25)

For each term |gn|Xn in (14), its PDF is given by

fn(x) =
1

|gn|
f

(
x

|gn|

)
=

1
2a|gn|

{u(x + a|gn|) − u(x − a|gn|)} . (26)

Applying the convolution rule of PDF [15], the PDF of S is
given by

fS(x) = (f1 ∗ f2 ∗ · · · ∗ fK)(x), (27)

where ∗ denotes convolution. In the Appendix, we show that
this PDF satisfies

dK

dxK
fS(x) = (f ′

1 ∗ f ′
2 ∗ · · · ∗ f ′

K)(x), (28)

where we have used the notation f ′(x) = d
dxf(x). We also

use shorthand notations of higher-order differentiations such
as f ′′(x) = d2

dx2 f(x) and f (n)(x) = dn

dxn f(x). Substituting
the fact that fS(x) = d

dxFS(x) where FS(x) is the CDF, we
obtain

dK+1

dxK+1
FS(x) = (f ′

1 ∗ f ′
2 ∗ · · · ∗ f ′

K)(x). (29)

Since the desired CCDF can immediately be calculated as
ΓS(y) = 1 − FS(y), we devote ourselves to solve the
differential equation (29).

The uniform PAM approximation introduced above greatly
facilitates to solve (29). Specifically, since the differentiated
individual PDFs, f ′

n(x), 1 ≤ n ≤ K, are respectively rep-
resented by two impulses, i.e., the sum of two Dirac delta
functions δ(·), the convolved PDF, (f ′

1 ∗ f ′
2 ∗ · · · ∗ f ′

K)(x), is
constituted by a sequence of 2K impulses. We denote it by

b1δ(x − x1) + b2δ(x − x2) + · · · + b2K δ(x − x2K ), (30)

where the positions of the impulses take 2K values from a set
of

xi ∈ {a (e1|g1| + e2|g2| + · · · + eK |gK |)} , ek ∈ {+1,−1} .
(31)

Without loss of generality we assume that the positions are
ordered as

x1 ≤ x2 ≤ · · · ≤ x2K . (32)

All the positions can be enumerated by exhaustively taking all
possible combinations of ek’s and sorting the resultant values
to satisfy the order (32). The magnitudes of the impulses are
the same for all bi’s and given by

|bi| =

(
(2a)K

K∏
n=1

|gn|

)−1

, 1 ≤ i ≤ 2K . (33)

By inspection, one can find that the sign of an impulse is

sgn(bi) =


+, if even number of ek’s are chosen +1

to generate xi,

−, if even number of ek’s are chosen −1
to generate xi.

(34)
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Fig. 2. An example of the impulse sequence and FS(x) obtained from K = 4 and |g1| = 0.6, |g2| = 0.2, |g3| = 0.5, and |g4| = 0.45.

Figure 2 illustrates an example impulse sequence with K = 4.
The feasibility of the impulse sequence generation is preserved
even for large K of practical interest due to the fact that the
number of the impulses required to be enumerated is only 2K

regardless of the constellation size M .
The impulse train of (30) obtained through the above proce-

dure does not guarantee that all of xi’s have distinct values and
let L denote the number of distinct xi’s. If some adjacent xi’s
have identical values, one can simplify (30) by replacing the
corresponding terms with its sum. For example, if xi = xi+1,
we may simply replace biδ(x − xi) + bi+1δ(x − xi+1) by
(bi + bi+1)δ(x − xi) and regard (bi + bi+1) as new bi.
Consequently, we obtain the final form (30) with distinct
L(≤ 2K) impulses as

b1δ(x − x1) + b2δ(x − x2) + · · · + bLδ(x − xL), (35)

where

x1 < x2 < · · · < xL. (36)

B. Piecewise Polynomial

The solution of (29), FS(x), is given by (K + 1)-times
integration of the impulse sequence denoted by (35). Numer-
ical integration is, however, not necessary since a function
given by multiple integration of an impulse sequence is of a
form of piecewise polynomials [16, Ch. 13]. The piecewise
polynomial form of FS(x) is that the function is divided into
L − 1 intervals I1, . . . , IL−1, where each interval spans over
two consecutive impulses, i.e., Ii = [xi, xi+1) (see Fig. 2),
and at each interval, a distinct polynomial of the order (at
most) K represents the function. Moreover, since FS(x) = 0

for x < x1 and FS(x) = 1 for x ≥ xL, we can write

FS(x) =



φ0(x), x < x1,

φ1(x), x ∈ I1,

φ2(x), x ∈ I2,
...

...
φL−1(x), x ∈ IL−1,

φL(x), x ≥ xL,

(37)

where φ0(x) = 0 and φL(x) = 1, and the other polynomials
are given by

φi(x) = ci,K(x − xi)K + ci,K−1(x − xi)K−1 + · · ·
· · · + ci,1(x − xi) + ci,0, 1 ≤ i ≤ L − 1, (38)

with their coefficients ci,K , ci,K−1, . . . , ci,1, ci,0 needed to be
determined. This can be sequentially conducted from I1 as
follows.

Since the (K + 1)-th derivative of FS(x) is a sequence
of impulses, FS(x) and its first to (K − 1)-th derivatives
are continuous anywhere. Thus, arbitrary two consecutive
piecewise polynomials should satisfy

φi(xi) = φi−1(xi),
φ′

i(xi) = φ′
i−1(xi),

...
φ

(K−1)
i (xi) = φ

(K−1)
i−1 (xi).

(39)

The K-th derivative φ
(K)
i (x) is a step-like function that

changes its amplitude at the position of every impulse (see
Fig. 2). We incorporate this in the piecewise polynomials:

φ
(K)
i (xi) =

i∑
j=1

bj = φ
(K)
i−1(xi−1) + bi. (40)

By actually differentiating the LHSs of (39) and (40), we can
calculate the coefficients of φi(x) based on those of φi−1(x)
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Ξi ,



1 ξi · · · ξK−1
i ξK

i

0 1 2ξi · · · (K − 1)ξK−2
i KξK−1

i

0 0 1 · · · 1
2! (K − 1)(K − 2)ξK−3

i
1
2!K(K − 1)ξK−2

i
...

. . .
...

...
0 0 0 · · · 1 1

(K−1)!K(K − 1) · · · 2ξi

0 0 0 · · · 0 1
K!


.

as

ci = Ξici−1 + bj , (41)

where ci ,
[
ci,0 ci,1 . . . ci,K

]T is a vector of the
coefficients with the length K + 1. The matrix Ξi is a
(K + 1) × (K + 1) upper triangular matrix2 defined at the
top of this page, where ξi , xi − xi−1, and bj is a length-
(K + 1) vector defined as

bj ,
[
0 0 · · · 0 1

K!bj

]T
. (42)

For i = 1, the coefficients c1,i’s need not be calculated from
the equations above: substituting φ0(x) = 0 in (39) and (40),
c1,i’s are found to be all zero except for c1,K = 1

K!b1. Iterating
(41) from i = 2, we can obtain all the piecewise polynomials
of (37) that collectively represent the CDF FS(x).

Since the linear processing of (41) is conducted L − 1
times, the computational complexity can be estimated to be
O(2K) independently of the constellation size M . Recall
that the exhaustive approach presented in Section III has the
complexity order of MK and thus is infeasible even for a
moderate size of M .

C. Extension to QAM

In accordance with (4), the complex baseband representation
of a QAM signal is expressed as

S(t) =
∞∑

n=−∞
XI,ng (t − nT )︸ ︷︷ ︸

SI(t)

+j

∞∑
n=−∞

XQ,ng (t − nT )︸ ︷︷ ︸
SQ(t)

,

(43)

where the RVs XI,n and XQ,n, denoting in-phase and
quadrature-phase components of a QAM symbol, respectively,
independently take real values from a PAM constellation.
To assure that S(t) has a unit average power, the PAM
constellation used here is scaled down by

√
2 from that defined

in (1), i.e., XI,n, XQ,n ∈ AM/
√

2. In accordance with (5), the
problem is formulated to find the CCDF of W (t) = |S(t)|2:

ΓW (t)(w) = Pr
[
|SI(t)|2 + |SQ(t)|2 ≥ w

]
. (44)

We hereafter drop the time index t and introduce the notations
WI , |SI|2 and WQ , |SQ|2. Having found the distribution
of a real-valued PAM signal, we aim at deriving (44) from
individual distribution of the component I and Q signals.

2The (m, n) element (0 ≤ m, n ≤ K) is expressed as 1
n!

`

ξm
i

´(n) with
the exception of the (K, K) element which is given by 1

K!
.

A simple inequality that bounds ΓW (w) from the CCDFs
of component I and Q signals is presented in [6]:

ΓW (w) ≤ ΓWI

(w

2

)
+ ΓWQ

(w

2

)
. (45)

This inequality, though easy to calculate, results in a loose
bound as pointed out in [17]. To tighten this bound, in [17], the
RHS of (45) is replaced by ΓWI (γw)+ΓWQ (γw), where γ >
1
2 . However, the tightening factor γ is adjusted empirically and
thus it cannot be justified that the resulting bound is strictly an
upper bound. Therefore, we do not follow the approximation
based on the inequality of (45).

A rigorous expression of ΓW (w) can be found by observing
that (44) is the CCDF of the sum of the two independent RVs
WI and WQ. Thus, it can be calculated by convolution [15]:

ΓW (w) =
∫ ∞

0

ΓWQ(w − z)fWI(z)dz. (46)

Since WI and WQ obviously have an identical distribution,
we may replace one of them by the other for simplicity of
notation. After such replacement and some manipulation, (46)
becomes

ΓW (w) = ΓWQ(w) +
∫ w

0

ΓWQ(w − z)fWQ(z)dz. (47)

By substituting the fact that

ΓWQ(z) = 2ΓSQ(
√

z) and fWQ(z) =
fSQ(

√
z)

√
z

, (48)

and changing variables as y =
√

z, (47) becomes

ΓW (w) = 2ΓSQ(w) + 4
∫ √

w

0

ΓSQ(
√

w − y2)fSQ(y)dy.

(49)

This equation cannot be further simplified and therefore should
be calculated numerically. More specifically, we discretize (49)
as

ΓW (w) ≈ 2ΓSQ(w)

+ 4
R(

√
w/∆y)∑

k=0

ΓSQ(
√

w − k2∆2
y)fSQ(k∆y)∆y, (50)

where R(·) is a rounding function, i.e., it denotes the nearest
integer of a given argument. The sampling interval ∆y is
chosen to be 0.02 in our evaluation presented in the next
section.

The procedure for finding the CCDF ΓSQ(y), or its corre-
sponding CDF FSQ(y), is the same as that described for the
PAM case, except only for a parameter change of a =

√
3/2
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Fig. 3. CCDF ΓW (w) of PAM computed with the exhaustive approach or
by Monte-Carlo simulation and the Chernoff bounds.

that accounts for a unit average power of the QAM signals.
Meanwhile, the PDF fSQ(y) is found immediately; since
differentiating a CDF results in a PDF, the following differen-
tiation of the piecewise polynomials of the CDF FSQ(y) gives
those of the PDF fSQ(y):

φ′
i(x) = Kci,K(x − xi)K−1 + (K − 1)ci,K−1(x − xi)K−2

+ · · · + ci,1, 1 ≤ i ≤ 2K−1. (51)

In this way, the PDF necessary to calculate (49) is favorably
accompanied by the CDF, which is a unique advantage of
the piecewise polynomial approach. In the other approaches,
numerical differentiation of the CDF FSQ(y) is necessary to
obtain the PDF.

VI. EVALUATION OF ANALYTICAL CCDF EXPRESSIONS

In this section, the time-averaged CCDF ΓW (w), which we
have defined as our objective, is evaluated using the presented
approaches. We initially choose a sufficiently large value of the
oversampling factor Ns = 32, and determine the filter length
K as the minimum required duration such that 99.9 percent
of all the energy falls within the range of (−K

2 T, K
2 T ]. The

specific values for the roll-off factors α = 0.1 and 0.4 under
this condition are found to be K = 12 and 6, respectively.
Later on, in Section VI-E we reduce the oversampling factor
and filter length to examine the effect of inaccurate shaping
pulse representation on the resulting CCDF curves.

A. Chernoff Bounds for PAM Signals

Figure 3 contains the plots of the Chernoff bound [6] and the
exact CCDF of PAM computed with the exhaustive approach
for several constellation size M and roll-off α. For the
cases with large M and K where the exhaustive approach is
prohibitive, we have substituted results obtained by simulation.
Our simulation is done in a way that randomly generated
100 000 symbols are convolved with the shaping pulse g(t)
based on (9). As can be seen from these results, the Chernoff
bound approaches the exact CCDFs only asymptotically for
moderate roll-off factors; there are significant discrepancies

Fig. 4. CCDF ΓW (w) of PAM computed with the piecewise polynomial
approach.

Fig. 5. CCDF ΓW (w) computed with the hypergeometric approach.

observed in the non-asymptotic range for moderate roll-off
factors and in the entire range of small roll-off factors.

B. Piecewise Polynomial and Hypergeometric Approaches for
PAM Signals

The CCDFs of PAM calculated with the piecewise poly-
nomial approach are plotted in Fig. 4 along with those of
simulated uniform PAM for verification. Having confirmed
exact agreement, we next evaluate discrepancy due to the
uniform PAM approximation by plotting simulated CCDFs of
finite-size constellations. It can be seen, as expected, that the
higher the modulation order M , the smaller the discrepancy.
The hypergeometric approach is evaluated in Fig. 5, where
the upper and lower bounds derived with this approach are
plotted. We can observe that these bounds asymptotically
agree with the uniform PAM CCDF and thus serve as a close
approximation for high-order finite-size constellations.

In Fig. 4, we can see the following unique trait of the
piecewise polynomial approach. For finite-size constellations,
the Chernoff and hypergeometric bounds increase tightness
asymptotically, i.e., as the instantaneous power w increases.
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Fig. 6. CCDF ΓW (w) of QAM computed with the piecewise polynomial
approach.

Fig. 7. Comparison of CCDF characteristics of SC and OFDM signals.

To the contrary, the CCDF curves calculated with the piece-
wise polynomial approach exhibit almost exact fit in a low
instantaneous power region.

C. Piecewise Polynomial Approach for QAM Signals

The CCDFs of QAM calculated with the piecewise polyno-
mial approach are plotted in Fig. 6. These curves well agree
with those of simulated uniform QAM. From comparison of
Figs. 4 and 6, it may be worth pointing out that dynamic range
of M2-QAM is smaller than that of M -PAM.

D. Comparison with OFDM signals

In Fig. 7, we have plotted CCDF curves obtained by simu-
lating 64-QAM and the corresponding approximations which
are the piecewise polynomial approach for the SC signals and
the Gaussian CCDF, i.e., ΓW (w) = exp(−w), for the OFDM
signals [1], respectively. Since the number of subcarriers
is a parameter that gives nontrivial influence to the PAPR
characteristic in OFDM systems (the signal becomes more
Gaussian as the number of subcarriers increases according to

Fig. 8. Instantaneous power at a particular CCDF of QAM vs. the filter
length. The piecewise polynomial approach is used.

the central limit theorem), we have plotted simulated CCDF
curves of some selected settings of subcarrier size. From
these results, one can observe a tendency common to both
the SC and OFDM cases: the more rectangular the signal
spectrum, the worse the resulting PAPR performance. Note
that the spectrum approaches to an ideal rectangular shape as
the roll-off factor decreases in the SC case or as the number of
subcarriers increases in the OFDM case. This may suggest a
fundamental trade-off between bandwidth efficiency and PAPR
performance.

The presented comparison also exemplifies that, in a highly
bandwidth-efficient regime associated with a large constella-
tion size and a low roll-off factor, SC systems suffer from
high PAPR even though it is not as severe as OFDM signals.
The reason for this is that the variance of each term in (10)
increases as M becomes large and the number of the terms,
K, increases as the roll-off factor becomes low, increasing the
variance of S. Notice that the variance of S is the sum of the
variances of all the terms due to the statistical independence
of Xn’s.

E. Filter Length and Oversampling Factor

Influence of the filter length and oversampling factor is
investigated in Figs. 8 and 9 by plotting instantaneous power at
a particular CCDF value. The piecewise polynomial approach
for QAM signals is used. We can see that reduction of the
filter length underestimates actual instantaneous power level
and the mismatch becomes significant as the roll-off factor
decreases. Reduction in the oversampling factor does not result
in a significant error compared to the filter length. From the
result shown in Fig. 9, Ns = 4 appears to be sufficient for all
roll-off factors.

VII. CONCLUSION

We developed two new analytical methods to compute the
CCDF characteristic of the instantaneous power distribution of
SC signals. One is the hypergeometric approach that provides
a low-complexity estimate of the CCDF of PAM signals; the
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Fig. 9. Instantaneous power at a particular CCDF of QAM vs. the
oversampling factor. The piecewise polynomial approach is used.

other is the piecewise polynomial approach that generates a
tighter CCDF and also effective to QAM signals. Although
both the methods involve a certain approximation (i.e., the
introduction of a uniform distribution), the associated error in
the resulting CCDF curve is confirmed to be negligible for
high-order PAM and QAM cases. The proposed techniques,
however, have a limitation in approximating low- or moderate-
order constellations for which the uniform distribution re-
sults in noticeable inaccuracy. Finding an appropriate low-
complexity approach calculating the CCDF of such constel-
lations is an open issue.

APPENDIX
DIFFERENTIATED CONVOLUTION

For two functions f1(x) and f2(x), it is satisfied that

d

dx
(f1 ∗ f2)(x) = (f1 ∗ f ′

2)(x). (52)

Proof: The LHS of the equation above is

d

dx

∫ ∞

−∞
f1(y)f2(x − y)dy =

∫ ∞

−∞
f1(y)

d

dx
f2(x − y)dy

=
∫ ∞

−∞
f1(y)f ′

2(x − y)dy = (f1 ∗ f ′
2)(x). (53)

Replacing f1 by its derivative f ′
1 in (52), we obtain

d

dx
(f ′

1 ∗ f2)(x) = (f ′
1 ∗ f ′

2)(x). (54)

Plugging (52) and (54) together, we obtain

d2

dx2
(f1 ∗ f2)(x) = (f ′

1 ∗ f ′
2)(x). (55)

Generalizing this to K functions, we obtain (28).
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